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We analyse the quadrature variance of high harmonic photons, using a simplified quantum optical
model associated with high-harmonic generation (HHG) in the case of an elementary quantum
source, modelled with a two-level atom. Assuming classical excitation, we find weak, oscillating
(anti-)squeezing in the scattered radiation, with the variance-spectrum following similar evolution
to the photon-number spectrum. Investigating the phase-relations, we conclude that the squeezed
states of each mode are –most of the time– close to being amplitude-squeezed, and squeezed states
appear periodically within each attosecond pulse. We have also defined an approximate single
noise-ellipse based on the collective field, and its analysis shows that it is anti-squeezed.
PACS numbers: 42.65.Ky, 42.50.Ar
I. INTRODUCTION
Attosecond pulses push the limits of high-precision
measurement to unprecedented scales. Historically, at-
tosecond science has used models which treat the elec-
tron quantum-mechanically, and the electromagnetic
field classically [1–3]. This description naturally can not
capture all characteristics of the process. Further, in or-
der to control ultrafast processes by using sequences of
few-cycle optical pulses, a proper characterization is nec-
essary, both in amplitude and phase.
Generation of attosecond pulses is made possible
mainly by high harmonic generation, a strongly nonlinear
optical effect that plays central role in attosecond physics
[2, 4, 5]. The sufficient degree of control, however has not
yet been achieved for few-cycle pulses.
In the characterization of short pulses, until the advent
of femtosecond techniques, the carrier-envelope phase
was of little practical interest. On the other hand it is an
important quantity in attosecond science. The measure-
ment of the carrier-envelope phase of a single attosecond
pulse has been discussed theoretically in a semiclassical
frame before [6], and experimentally demonstrated by
probing intraband currents [7]. Relative phases between
consecutive attosecond pulses has been investigated both
theoretically and experimentally in [8]. However, direct
measurement of phase-quantities in attosecond pulses so
far has not been feasible in a reliable way.
While a strong, coherent pulse may indeed have well-
defined amplitude and phase, if the short pulse has low
intensity, the classical picture associated with it becomes
less practical, and the concept of carrier-envelope phase
is no longer applicable due to the excessive phase un-
certainty. We note that while generation of pulses with
200as length, and 1018W/cm2 peak intensity has been
reported [9], this is far from being typical.
It has been argued [10] that for weak pulses, instead
of the phase, relative timing of a quantum noise pattern
gains relevance. Stemming from this idea, we focus our
attention to the time-dependent squeezing properties as-
sociated with attosecond pulses.
At the same time, squeezed light is a historically im-
portant phenomenon in quantum optics, and not only
fundamental, but also applied science have benefitted a
lot from using squeezed light, being a valuable tool of
metrology and for quantum information processing. Both
the degree of squeezing and the squeezing bandwidth
are important for potential applications. Current experi-
ments with pulsed squeezed light reach a bandwidth up to
tens of THz [11]. Sub shot-noise measurements in spec-
troscopy, sub-wavelength image discerning and record-
ing are just a few examples [12–14]. It has also been
proposed that strong intensity fluctuations can enhance
multi-photon processes compared to classical light of the
same intensity [15]. Significant increase in lateral dis-
placement measurement has been demonstrated in [16],
using squeezed beams. Optical solitons of few hundred
femtosecond length, and significant squeezing have been
achieved [17, 18], and recently it has become possible
to generate and analyse time-locked patterns of quadra-
ture squeezed noise, through sampling with femtosecond
pulses in a non-destructive manner [19].
Generation of pulsed broadband ultrashort squeezing
can be analyzed either in the traditional approach of
quantum optics, quantizing single-frequency modes [20],
or within the time-domain frame [10, 19]. While the lat-
ter, novel approach is in many respect better fitted to
model short pulses, there are (as of current) certain lim-
itations in it; such as the neglection of dispersions. Since
in the high-harmonic generation absorption plays role,
we will not follow this route.
II. MODEL
In our model, we will assume that the femtosecond
pulses are –at least before interaction– characterized by
coherent states. The assumption that the interaction of
the pulse with matter only perturbs the quantum statis-
tics has been investigated independently in [21]. The
intensities of the generated harmonics are by orders of
magnitude lower than the excitation, therefore we will
consider quantized harmonic modes.
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2The model of the material is a two-level system, which
may be an acceptably used to describe harmonic gen-
eration in semiconductor heterostructures [22]. On the
other hand, the simplicity of two-level systems help form-
ing qualitatively (and often quantitatively) correct pre-
dictions, and offer insight into the dynamics of the HHG.
Furthermore, the methods used in this article can be eas-
ily generalized to more complex high harmonic sources as
well.
Let us consider the following terms:
Ha = ~
ω0
2
σz, Hm =
∑
n
~ωna†nan, (1)
Ham =
∑
n
~
Ωn
2
σx(an + a
†
n), (2)
where the first term corresponds to the two-level atom,
the second term to the quantized electromagnetic modes,
and the quantized dipole-interaction corresponds to the
third. When the electromagnetic field of the strong ex-
citing pulse can be described classically, then:
Hex(t) = −DE(t) = −dσxE(t) = −~Ω(t)
2
σx. (3)
We note that Ωn = 2d
√
~ωn
0V
, where V is the quan-
tization volume. Let us denote the eigenstates of the
atomic Hamiltonian by |e〉 and |g〉, i.e., Ha|e〉 = ~ω0/2|e〉,
Ha|g〉 = −~ω0/2|g〉. We will also use |+〉 and |−〉, for
which σx|±〉 = ±|±〉.
We will consider the laser pulse to be a classi-
cal time-dependent excitation. Utilizing the dipole-
approximation, we are led to the following system [23]:
H(t) = Ha +Hm +Ham +Hex(t). (4)
We will not incorporate spatial functions into our model,
and leave out propagation effects.
That a strong classical excitation can drive even at the
dipole-approximation a type of nonlinearity that is asso-
ciated with squeezing, can be seen in Appendix B.
III. MEASURE OF SQUEEZING
In the literature, the term squeezing can be used
in different ways. In this article we will only inves-
tigate quadrature-squeezing, and will not bother with
polarization-; or with higher-order squeezing [24].
We use the following notations:
Xn =
a†n + an
2
, Yn = i
a†n − an
2
X2n =
a†2n + a
2
n
2
, Y2n = i
a†2n − a2n
2
Squeezed states are characterized by canonical observ-
ables, in quantum optics typically electric field strength
at a given θ phase. The corresponding dimensionless Xθn
and Y θn operators are defines as:
Xθn =
an + a
†
n
2
cos θ + i
a†n − an
2
sin θ,
Y θn = −
an + a
†
n
2
sin θ + i
a†n − an
2
cos θ,
and for the sake of completeness, we write out the
quadratic variances as:
〈(∆Xθ)2〉 = 1
4
(
1 + 2〈N〉+ 2〈X2〉 − 4〈X〉2
)
cos2 θ
+
1
4
(
1 + 2〈N〉 − 2〈X2〉 − 4〈Y 〉2
)
sin2 θ
+
(
〈Y2〉 − 2〈Y 〉〈X〉
)
cos θ sin θ,
〈(∆Y θ)2〉 = 1
4
(
1 + 2〈N〉+ 2〈X2〉 − 4〈X〉2
)
sin2 θ
+
1
4
(
1 + 2〈N〉 − 2〈X2〉 − 4〈Y 〉2
)
cos2 θ
−
(
〈Y2〉 − 2〈Y 〉〈X〉
)
cos θ sin θ.
Quadrature amplitudes are typically measured with bal-
anced homodyne detectors. Measurements are performed
on an ensemble of identical states, and quasi-probability
density functions are calculated from the data.
Light is called squeezed, if there exists a mode n and
phase θ such that ∆Xθn <
1
2 . However, quantification of
the squeeze is not completely straightforward. The sim-
plest and most widely used method is to measure squeez-
ing for each electromagnetic mode separately:
r(1)n = −10 log10
[
4 min(∆Xθn)
2
]
Further, one can define the spectrum of squeezing [25,
26]. The minimal variance (and its associated phase)
can be calcuated through the smaller eigenvalue (and as-
sociated eigenvector) of the noise-ellipse matrix:
( 〈(∆X)2〉 12 〈{∆X,∆Y }〉
1
2 〈{∆X,∆Y }〉 〈(∆Y )2〉
)
(5)
The eigenvalues [27] and eigenvectors [28], expressed with
our notations are:
λ± =
1
4
[
〈{∆a,∆a†}〉 ± 2|〈(∆a)2〉|
]
=
1
4
[
1+2
(〈N〉−〈X〉2−〈Y 〉2)± 2|〈X2+iY2〉−〈X+iY 〉2|],
(6)
3and
(
u1
u2
)
with the components fulfilling:
(u±)21 =
(
λ±−〈2X2+2N+1〉−4〈Y 〉2
)2(
λ±−〈2X2+2N+1〉−4〈Y 〉2
)2
+〈2Y2−4〈X〉〈Y 〉〉2
(u±)22 =
〈2Y2−4〈X〉〈Y 〉〉2(
λ±−〈2X2+2N+1〉−4〈Y 〉2
)2
+〈2Y2−4〈X〉〈Y 〉〉2
.
(7)
However, whenever the electromagnetic field in question
is multimode, the problem of quantifying squeeze in a
few variables is a much more involved problem. It is
typically accepted that such fields are to be considered
squeezed, if at least one mode is squeezed. Most approach
consider discrete n-mode fields and define a generalized
coherence-matrix of 2n×2n size. After the calculation of
eigenvalues, either the lowest eigenvalue, or the product
of λ < 14 eigenvalues may be used [29]. Other possibilities
also exist, such as using Wehrl’s entropy [30].
A. On experimental considerations
To date, most balanced homodyne detection measure-
ments have been performed in the frequency domain,
where in practice any measurement of the field integrates
over some sideband spectrum. A light field is often anal-
ysed with respect to many different modulation frequen-
cies, and the result constitutes a spectrum, [31] where
in principle every modulation mode can be in a differ-
ent quantum state. We note that standard homodyne
detection suffers from significant bandwidth limitation:
While the bandwidth of optical states can easily span
many THz, homodyne detection is inherently limited to
the electrically accessible, MHz to GHz range, leaving a
significant gap between the relevant optical phenomena
and the measurement capability. This can be lifted by
using parallel homodyne measurement [32].
We note in passing some recent development: It is pos-
sible to produce a spectrum of modulation modes that all
have the same squeeze angle [33], while introduction of a
frequency-dependent squeeze angle was suggested in [34]
for gravitational wave detection. It was shown that the
optimal frequency dependence that leads to the broad-
band improvement can be realized by using filter cavities.
Motivated by this result, research and development on
filter cavities for optimizing the frequency dependence of
broadband squeezed fields has been active in recent years
[35, 36]. Method for generation of single-cycle squeezed
light by parametric down-conversion, as well as a scheme
for observation has been proposed in [37].
While homodyne-detection routines are in principle
excellent for selecting a given mode for measurements,
during the interaction of attosecond pulses with matter,
the collective field plays role. Beyond calculating the
quadrature-variance spectrum, but beyond that, we in-
troduce an approximate, single collective noise ellipse.
The measurement of the electric field at a spacetime point
would require placing (a not completely localizable) test
charge at that point. Independently of the technical de-
tails of the field measurement, one only can obtain a
weighted average of the field over a region [38]. Let us use
notation Λn ≡
√
~ωn
20V
, and introduce the spatial mean-
field operator:
E˜(~r, t) =
∫
f(~ρ)E(~r−~ρ, t)dρ3 (8)
where the f(~ρ) is a real, normalized weighting function.
The dimension of f(~ρ) physically corresponds to the spa-
tial extension of the detector (or atom) with which the
attosecond pulse interacts. For simplicity, we will as-
sume this function to be only a function of |ρ|, then the
Fourier-integral becomes: f(~q) ≡ 4piq
∫∞
0
ρf(ρ) sin(qρ)dρ,
then:
E˜(~r, t) =
∑
q,s
Λq
(
aqs(t)f(q)e
iqrqs + a
†
qs(t)f(q)e
−iqr∗qs
)
.
(9)
We will only deal with modes propagating in a single
direction, with a fixed ~r parameter, and one linear polar-
ization. Then it follows that
E˜(r, t) ≈
∑
q
2Λqf(q)
(
Xq(t) cos(qr) + Yq(t) sin(qr)
)
.
(10)
from which we define a collective noise-ellipse with its
diagonal terms below. For practical purposes we neglect
all cross-mode terms (e.g. 〈aia†j〉) appearing in the eval-
uation.
〈(∆X∑)2〉 ≡∑
q
Λqf(q)〈(∆Xq)2〉 (11)
〈(∆Y∑)2〉 ≡∑
q
Λqf(q)〈(∆Yq)2〉 (12)
We note here, that in relevant calculations we will use
gaussian cutoff function. Naturally, these collective
quadratures only offer a heuristic insight into the prop-
erties of the attosecond pulses.
IV. TIME-EVOLUTION OF
QUADRATURE-OPERATORS
In order to calculate time-dependence of the squeezing
spectrum, we will implement a system of dynamical equa-
tions describing the time-evolution of expectation values.
Due to the nonlinearity of the operator-equations, one
needs to introduce a hierarchy of equations involving a
factorization of expectation values that is physically ac-
ceptable. Naturally, choosing the lowest order of factor-
ization, that is, assuming 〈σia(†)j 〉 ≈ 〈σi〉〈a(†)j 〉 is insuffi-
cient for the calculation of quantum properties. In fact
4this approximation can be considered to be the defining
attribute of semiclassical radiation theory [39].
In the following, we will use notation:
U = σx, V = σy, W = σz;
U±n = (i)
(1∓1)/2σx(an ± a†n),
V ±n = (i)
(1∓1)/2σy(an ± a†n),
W±n = (i)
(1∓1)/2σz(an ± a†n).
The exact, closed system of dynamical equations, writ-
ten in terms of these operators can be seen in Appedix A.
We will neglect cross-mode correlations and atomic-high
order field correlations, implying 〈a(†)i a(†)j 〉 = 〈a(†)i 〉〈a(†)j 〉
if i 6= j and 〈σiNi〉 = 〈σi〉〈Ni〉. Numerical investigations
imply that these approximations are acceptable [23] as
long as the photon number expectation values are rea-
sonably small. Then the dynamical equations are:
〈N˙n〉 = Ωn2 〈U−n 〉
〈U˙〉 = ω0〈V 〉
〈V˙ 〉 = −ω0〈U〉+ Ω(t)〈W 〉+
∑
n Ωn〈W+n 〉
〈W˙ 〉 = −Ω(t)〈V 〉 −∑n Ωn〈V +n 〉
〈U˙+n 〉 = ω0〈V +n 〉 − ωn〈U−n 〉
〈U˙−n 〉 = ω0〈V −n 〉+ ωn〈U+n 〉+ Ωn
〈V˙ +n 〉 = −ω0〈U+n 〉 − ωn〈V −n 〉+ Ω(t)〈W+n 〉
+Ωn〈W 〉(1 + 2〈Nn〉+ 2〈X2n〉) +
∑
j 6=n 2Ωj〈W+n 〉〈Xj〉
〈V˙ −n 〉 = −ω0〈U−n 〉+ ωn〈V +n 〉+ Ω(t)〈W−n 〉
−2Ωn〈W 〉〈Y2n〉 − 2
∑
j 6=n Ωj〈W−n 〉〈Xj〉
〈W˙+n 〉 = −ωn〈W−n 〉 − Ω(t)〈V +n 〉
−Ωn〈V 〉(1 + 2〈Nn〉+ 2〈X2n〉)− 2
∑
j 6=n Ωj〈V +n 〉〈Xj〉
〈W˙−n 〉 = ωn〈W+n 〉 − Ω(t)〈V −n 〉+ 2Ωn〈V 〉〈Y2n〉
−2∑j 6=n Ωj〈V +n 〉〈Xj〉
〈X˙n〉 = ωn〈Yn〉
〈Y˙n〉 = −Ωn2 〈U〉 − ωn〈Xn〉
〈 ˙X2n〉 = −Ωn2 〈U−n 〉+ 2ωn〈Y2n〉
〈Y˙2n〉 = −Ωn2 〈U+n 〉 − 2ωn〈X2n〉
In this article, (similarly to [23]) we have considered the
mode structure of the electromagnetic field to be discrete,
and its mode-density independent of frequency.
Results for the 11th harmonic can be observed on
Fig.(1). We can summarize the dynamics of the
(anti)squeezing as: Principal variances (λ± oscillate in
time, –with periods that depends only on the frequency
of the mode– and within a certain order of magnitude.
The results of numerical calculations show that this mag-
nitude follows a non-monotonic dependence on the am-
plitude of the short pulse, while it grows monotonically
with Ω/
√
ω.
Within each half-cycle of the excitation (corresponding to
individual attosecond pulses within the train) the evolu-
tion of quadrature-variances are very close to being peri-
odical.
There are certain time-intervals within of which
squeezing occurs. To characterize this, the principal vari-
ances do not suffice in themselves, one needs to define ap-
propriate phases for the field. We will only use the most
straightforward definition of the phase-operator, specify-
ing its mean value as
φ ≡ atan2(〈X〉, 〈Y 〉). (13)
Amplitude- and the associated orthogonal variance can
then be written as: 〈(∆Xφ)2〉 ; 〈(∆Y φ)2〉.
FIG. 1: Quadrature variances of the 11th harmonic. Sub-
fig. a) Time evolution of the maximal λ+ (red) and minimal
λ− (blue) variances. The geometric mean
√
λ+λ− > 1/4 is
shown in gray. Subfig. b) Time-evolution of 〈(∆Xφ)2〉 (red)
and 〈(∆Y φ)2〉 (blue). Subfig. c) shows the time-dependence
of the excitation. The parameters correspond to the A ampli-
tude of the exciting pulse being 100 in the given units, while
Ωn/
√
ωn = 0.005. The excitation is resonant.
Numerical results imply that when squeezing is present
in a given mode, then the state is usually close to be-
ing amplitude squeezed, although there are parameters
for which phase-squeezing is present. It worth not-
ing that amplitude-squeezing and sub-Poissonian photon
statistics are connected, however in photon-counting ex-
periments the sub-Poissonian nature would be probably
blurred, due to the integration time, as well as due to the
relatively limited frequency-selectivity.
5FIG. 2: Top: Time-evolution of photon numbers on logarith-
mic scale. Bottom: Time-evolution of the absolute difference
of the amplitude-variance from 1/4, on logarithmic scale.
One can compare sections of the photon-number spec-
trum with the spectrum of amplitude-variance. The
structure and the order of magnitudes are similar. The
adiabatically changing characteristics –the tendency of
some value to change abruptly in each half-cycle of the
excitation– of the quadrature-variance is more significant
then that of the photon-numbers. This is due to the fact
that quadratures are directly driven by the value of 〈U〉,
which itself follows strongly adiabatical evolution.
We hypothesize that the attosecond-pulse trains emit-
ted by certain realistic solid-state targets (with similar
dipole-evolution) follows at least some of the character-
istics we have described.
The calculations suggest that the collective
quadrature-variances as defined in III A exhibit modest
relative oscillations within each pulse. There is no point
in time in which the collective variances have lower value
then in the initial state, and in contrast with individual
modes, the variance of the amplitude is larger than that
of the orthogonal coordinate.
FIG. 3: Dynamics of the collective variance. Subfig. a)
Time-evolution of the variance of collective amplitude (red)
and orthogonal (blue) coordinates. The calculation included
200 modes, evenly distributed between the 5th and 25th har-
monic. The regularization was chosen such that the modes
above the 22nd harmonic give small contribution. Subfig. b)
and the parameters are the same as in Fig.(1)
V. CONCLUSIONS
We have given a set of equations, with which the
time-evolution of photon numbers as well as quadrature-
amplitudes and variances can be followed simultaneously.
Quadrature variances of each separate mode oscillate
with frequency that depends only on the mode, and am-
plitude that is largely constant within each generated
pulse. This latter property is similar to the adiabatical
evolution of the mean dipole-operator.
The different quadrature-variances can be additional in-
formation for the characterization of high harmonics and
of attosecond pulses. Our calculations also suggest a
weak squeezing in individual high harmonics, which is
–when present– usually amplitude-squeezing.
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Appendix A: Exact operator-equations
A system of exact dynamical operator-equations guid-
ing the time-evolution of the multi-mode Rabi-model
with an added time-dependent classical excitation is
given below.
6N˙n =
Ωn
2 U
−
n
U˙ = ω0V
V˙ = −ω0U + Ω(t)W +
∑
n ΩnW
+
n
W˙ = −Ω(t)V −∑n ΩnV +n
U˙+n = ω0V
+
n − ωnU−n
U˙−n = ω0V
−
n + ωnU
+
n + Ωn
V˙ +n = −ω0U+n − ωnV −n + Ω(t)W+n +
∑
j ΩjW
+
n (aj + a
†
j)
W˙+n = −ωnW−n − Ω(t)V +n −
∑
j ΩjV
+
n (aj + a
†
j)
V˙ −n = −ω0U−n + ωnV +n + Ω(t)W−n + ΩnWi(a2n − a†2n ) −∑
j 6=n ΩjW
+
j i(a
†
n − an)
W˙−n = ωnW
+
n − Ω(t)V −n − ΩnV i(a2n − a†2n ) +∑
j 6=n ΩjV
+
j i(a
†
n − an)
˙
(a†n + an) = ωni(a†n − an)
˙
i(a†n − an) = −ΩnU − ωn(a†n + an)
˙
i(a†2n − a2n) = −ΩnU+n − 2ωn(a†2n + a2n)
˙
(a†2n + a2n) = −ΩnU−n + 2ωni(a†2n − a2n)
Appendix B: Excitation induced nonlinearity
Due to the nonlinearity of the dynamics, squeezing is
guaranteed, but dependencies on time, the excitation,
and material properties are nontrivial. Here we present
a qualitative result for the case of weak coupling Ωn  1
and not too strong excitation, such that Ω2nΩ(t)
<∼ 1.
Let us note that in certain cases an operational measure
[29] of squeezing is used, based on the separation of the
Hamiltonian as:
H(t) = Hpassive(t) +
∑
j cj(t)Hsqueezej (t); after which
the amount of squeezing is measured as
fsq(t) =
∫ t
0
∑
j
|cj(τ)|dτ. (B1)
It is not immediately obvious how one should separate
Hqc into non-squeezing and squeezing terms. One way to
proceed is to recast the Hamiltonian into a form where
the counter-rotating terms in Ham vanish. In the absence
of Hex(t), photon numbers would then be conserved up
to the order of Ωn2(ω0+ωn) , and an infinite series of terms
corresponding to higher-photon processes appear. How-
ever, due to the classical excitation, new counterrotating
terms will be present, and can become dominant in the
strong-field limit. With the assumptions above, the lead-
ing terms we may associate with squeezing are of the
form:
~Ω2n
4(ω0+ωn)
[
σz(a
†2
n +a
2
n)− Ω(t)8(ω0+ωn) (σ−a2n+σ+a†2n )
]
+o(Ω3nΩ(t)).
(B2)
This could lead us to the qualitative conclusion that
–up to first-order perturbatation– (anti)squeezing in-
creases roughly quadratically with Ω2n and linearly field-
amplitude. Numerical calculations show that this con-
clusion is only acceptable in a very limited regime of pa-
rameters however, and should not be considered quanti-
tatively indicative.
Appendix C: Extraction of the nonlinear term
Let us define the following operator [40]:
V = exp
(
(a†iσ+ + aiσ−)︸ ︷︷ ︸
A
)
(C1)
where  is small.
Then VHV †≈H+[A,H]+12 [A, [A,H]] Using the notation
ω =
ω0+ωj
2 we can write:
V HV † ≈ H + [(a†iσ+ − aiσ−), H]
+
2
2
[
a†iσ+ − aiσ−, [a†iσ+ − aiσ−, H]
]
= H − 2~ω(σ+a† + σ−a)− 2~ω
(
σz(2N + 1)− 1
)
+~Ωn2 σz(a
†2+a2)−2 ~Ωn2
(
σ+a
†3+σ−a3+σ+aN+σ−Na†
)
+ ~Ωn2
(
σz(2N + 1)− 1
)− 22 ~Ωn2 (σ−aN + σ+Na†)
+~Ω(t)2 σz(a
†+a)−2 ~Ω(t)4
(
2σ−a2+2σ+a†2+2Nσx+σx
)
.
It is customary to choose  = Ωn4ω , so that the counter-
rotating term in H disappear. Then the transformed
Hamiltonian conserves the photon number up to . How-
ever, if the excitation is strong, the counterrotating term
proportional with 2Ω(t)  1 becomes dominant, intro-
ducing nonlinearity.
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